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Various factors contributing to the nonisotropic character of surface 
dielectric radiation are considered. The error arising from the assump- 
tion of isotropic radiation is estimated in a number of cases. 

In e n g i n e e r i n g  c a l c u l a t i o n s ,  one a s s u m e s  the  r a d i -  
a t ion  f r o m  the s u r f a c e s  of b o d i e s  to be i s o t r o p i c .  Th i s  
a s s u m p t i o n  has  been  put to t e s t  on a n u m b e r  of o c c a -  
s ions .  C a l c u l a t i o n s  of the angu l a r  c o e f f i c i e n t s  fo r  the 
s u r f a c e s  of m e t a l s  have  been  m a d e  [t]. It  was  found 
that  the a s s u m p t i o n  of i s o t r o p i c  r a d i a t i o n  c a u s e s  an 
e r r o r  of a s  m u c h  as  24%. H e r i n g  [2] c a l c u l a t e s  the 
hea t  exchange  be tween  inf in i te  g r a y  s t r i p s  f o r m i n g  a 
d i h e d r a l  angle .  The  r e f l e c t i o n  of r a y s  a g r e e s  wi th  
e l e c t r o m a g n e t i c  theory .  It  has  been  e s t a b l i s h e d  that  
the  a s s u m p t i o n  of cons t an t  op t i ca l  p r o p e r t i e s  in the  
d i r e c t i o n s  of s p e c u l a r  r e f l e c t i o n  is  a c c e p t a b l e  fo r  e n -  
g i n e e r i n g  ca l cu l a t i ons .  Rad ia t i on  f r o m  d i e l e c t r i c s  is  
m o r e  i s o t r o p i c  than that  f r o m  m e t a l s .  H o w e v e r ,  even  
in the c a s e  of d i e l e c t r i c s  one m u s t  e s t i m a t e  the e r r o r  
due to the  a n i s o t r o p y  of the op t i ca l  cons tan t s .  We ob-  
ta in  th is  e s t i m a t e  fo r  e q u i l i b r i u m  r a d i a t i o n  by so lv ing  
the s i m p l e s t  c l a s s i c a l  p r o b l e m .  We then c o n s i d e r  the  
c a s e  of n o n e q u i l i b r i u m  d i e l e c t r i c  r ad ia t ion .  

The  t h e o r e t i c a l  e x p r e s s i o n  fo r  the c o e f f i c i e n t  of ab-  
s o r p t i o n  of a smoo th  d i e l e c t r i c  i s  
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which is in good agreement with experiment [3, 4]. For 
an isotropic incident flux, the coefficient of absorption 

(averaged over polarizations and angles of incidence) 
depends only on the index of refraction: 
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A(n) = 2.I a(ix, n)lxdlx.  
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Using this formula in our calculations, we verified 
the curve of the coefficient of absorption given in Figs. 
2-6 of [4]. It should be noted that this integral can be 

expressed in terms of elementary functions [5]. 
In the current theory of radiant energy transfer, a 

plane layer of gas contitutes the classical model. We 
therefore consider various transmittivities of a plane- 
parallel layer for isotropic and real equilibrium radi- 
ation of the dielectric which forms the boundary of the 
medium. The transmittivity 
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If the r a d i a t i o n  of the s u r f a c e  is  i s o t r o p i c ,  A = a, and 
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As a m e a s u r e  of the i s o t r o p y  of the s u r f a c e  r ad i a t i on ,  
we take  the r a t i o  

6 = D (x, n)/Do (x). 

Table 1 shows that for equilibrium radiation of dielec- 
trics there is an enhanced transmittivity (up to 5%) as 
a result of a somewhat elongated indicatrixwith maxi- 

mum error at n = 1.7. A series was used to calculate 
accurately the function E3(~-) , making the computational 
error negligible~ The integral was replaced by a Gnus s 
quadrature with seven nodes. In defining the angular 
coefficients for two arbitrary surfaces, the analogous 
error for radiation into a solid angle smaller than, say, 

2% can be larger. On the whole, however, the assump- 
tion of isotropic radiation is applicable in engineering 
calculations for states of bodies near equilibrium. In 
the more common case, the surface forming the bound- 
ary of the layer is translucent. Table 2 gives the coeffi- 

cients of absorptionfor several non-turbidmaterials. 

Thin plates made of these materials have optical thick- 

nesses close to unity. In calculations of their radiation 
or transmission, one must take multiple reflections 
inside the plate into account. The indicatrices of the 

Table 1 

Ratio 5 of Transmittivities of a 
Layer of Gas with Optical Thick- 
ness T, for Real and Isotropic Di- 
electric Radiation. n = Index of 

Refraction 

n [ 0.1 0.5 1.0 2.0 

1,1 1.0085 
1.2 1.0113 
1.3 1.0128 
1,5 1.0141 
1.7 1.0143 

0,1102 

1.0171 
1.0249 
1.0293 
1.0335 
1.0346 
1.0334 
1.0224 

1.0203 
1.0306 
1.0367 
1.0426 
1,0443 
1.0429 
1.0279 

1.0221 
1.0343 
1.0419 
1.0494 
1.0517 
1.0502 
1,0318 
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characteristic and transmitted radiation of an isother- 

mal dielectric of finite optical thickness was studied 

[6] for layer thicknesses larger than the wavelength. 

The curves obtained show that the spatial distribution 

of the radiation depends very little on the optical thick- 

ness. For n = 1 (in the case of gases) the calculation 

is fairly simple; it was done by Gershun [7], and a 

contrary conclusion may be drawn. We therefore as- 

sume the effect of the optical thickness to be weakonly 

for condensed dielectrics for which the reflection is 

effectively internal. 

We know of many attempts to calculate the scatter- 

ing inside a dielectric (for example, in radiation trans- 

fer in milky glasses and similar materials [7]), but 

these attempts were rather crude and were done for 

bodies without characteristic radiation. An accurate 

calculation (for n = i) is fairly complicated [8]. 

A real plate is rough. A detailed calculation [5] 

showed that the effect of the roughness of the dielec- 

tric on the coefficient of absorption is negligible. This 

theoretical conclusion has been experimentally [9] 
verified. 

Finally, we must take into account the anisotropy 

of the dielectric radiation in the presence of varying 

temperature field. Usually, the resultant energy flux 

passes through the surface and then the temperature 

gradient appears. The intensity of the characteristic 

surface radiation is approximately described by the 

formula 
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T h e  f u n c t i o n  a(#) i s  a s s u m e d  to be  i n d e p e n d e n t  of the  
o p t i c a l  t h i c k n e s s  and  t he  r o u g h n e s s  in a e c o r d a n c e w i t h  
the  w o r k  d e s c r i b e d  above .  I t  d e p e n d s  on the  f i e ld  t e r n -  
p e r a t u r e  v i a  the  f u n c t i o n  n(T).  H o w e v e r ,  we a l s o n e -  
g l e e t  t h i s  d e p e n d e n c e  and  c a l c u l a t e  a(p) f o r  a c e r t a i n  
a v e r a g e  t e m p e r a t u r e .  T h i s  f u n c t i o n  m a y ,  in  f ac t ,  be  
r e p l a c e d  by an  a v e r a g e  c o e f f i c i e n t  of a b s o r p t i o n  A,  
b e c a u s e  the  e f f e c t  of the  a r g u m e n t  tz ( in  v iew of the  
n o n - u n i f o r m i t y  of the  t e m p e r a t u r e )  m a y  be  e n o r m o u s l y  

larger; our task is to estimate this effect. To deter- 

mine the indicatrix of the characteristic surface ra- 

diation, we use the formula 

To 
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I t  i s  s i m p l e  to  i n c l u d e  in  the  a n a l y s i s  the  c a s e  of n e g -  
l i g i b l e  s c a t t e r i n g  in the  body,  a s s u m i n g  g r a y  r a d i a -  
t ion  and  l o c a l  t h e r m o d y n a m i c  e q u i l i b r i u m .  We then  
o b t a i n  

B (~) = n 2 ~ T~/~. 

We  can  r e p r e s e n t  the  t e m p e r a t u r e  f i e ld  by  the  p o w e r  
s e r i e s  

T = a. + b, "~ -t- ... . 

In t h i s  c o n n e c t i o n  we e x p r e s s  I(p) and  ~(#) a s  a s e r i e s  
of c o s i n e  t e r m s ,  s i n c e  t h e s e  a r e  the  m o s t  s u i t a b l e  f o r  
c a l c u l a t i n g  a n g u l a r  c o e f f i c i e n t s  and  o t h e r  c h a r a c t e r -  
i s t i c s  of the  r a d i a t i v e  h e a t  t r a n s f e r  w h i c h  a r e  e x t e r n a l  
f o r  the  g i v e n  body  [10]. F o r  v e r y  l a r g e  a b s o r p t i o n  c o -  
e f f i c i e n t s ,  such  as  t h o s e  of m e t a l s ,  t he  n u m b e r s  
b , ,  c .  . . . .  a r e  n e a r l y  z e r o ,  and  the  t e m p e r a t u r e  f i e ld  
of the  r e g i o n  f r o m  w h i c h  the  s u r f a c e  r a d i a t i o n  e n t e r s  
i s  p r a c t i c a l l y  h o m o g e n e o u s  u n d e r  a l l  c o n d i t i o n s .  The  
s u r f a c e  r a d i a t i o n  wi l l  b e  i s o t r o p i e .  M o s t  d i e l e c t r i c s  
wi l l ,  h o w e v e r ,  t r a n s m i t  to a c e r t a i n  e x t e n t  fo r  t h e r -  
m a l  c o n d u c t i v i t i e s  m u c h  s m a l l e r  t h a n  in the  c a s e  f o r  
m e t a l s .  A c c o r d i n g  to T a b l e  2, s i l i c o n  and  a r t i f i c i a l  
s a p p h i r e - - m a t e r i a l s  u s e d  in d e f l e c t o r s  of i n f r a r e d  r a -  
d i a t i o n  c o l l e c t o r s - - h a v e  a b s o r p t i o n  c o e f f i c i e n t s  on the  
o r d e r  of 20 m - t  and 200 m -1. T h e y  t r a n s m i t  -~99% of 
the  c h a r a c t e r i s t i c  s u r f a c e  r a d i a t i o n  f r o m  an  a d j a c e n t  
l a y e r  a s  m u c h  a s  0.2 and  0.02 m th i ck ,  r e s p e c t i v e l y .  
A l a r g e  t e m p e r a t u r e  g r a d i e n t  a p p e a r s  w h e n  t h e r e  is  
i n t e n s e  h e a t  t r a n s f e r  in t h i s  l a y e r .  A s  an  e x a m p l e ,  l e t  
u s  d e t e r m i n e  the  i n d i e a t r i x  of t he  c h a r a c t e r i s t i c  r a d i -  
a t i o n  of a p l a t e  of o p t i c a l  t h i c k n e s s  r 0 -- 4.5. We m a y  
t ake  % = .~ w i th  an  e r r o r  of l e s s  t h a n  1%. F o r  s i l i c o n  
and  s a p p h i r e ,  the  t h i c k n e s s  wi l l  be  l e s s  t h a n  0.2 and  
0.02 m,  r e s p e c t i v e l y .  F o r  a l i n e a r  t e m p e r a L u r e  f i e ld ,  
we h a v e  

T a b l e  2 
C o e f f i c i e n t s  of A b s o r p t i o n  of 
S e v e r a l  M a t e r i a l s .  T e m p e r -  

a t u r e s  I n d i c a t e d  Only  f o r  
S i l i con  

k [ m - '  ] 
Material (h., p; t, ~ 

Silicon 

Artificial sapphire  

M g O  (fused) 

MgF.. (crystalline) 

32 (3; 25) 
70 (3; 350) 
17 (6; 25) 
21 (6; a50) 

190 (5.35) 
760 (6.3) 
41 (0.5) 
38 (5) 
20 (5, 3) 

B (~) = n'(~ (a, + b, ~)'/n. 

According to formula (i), 

t + 4b bh 5- 12b ~- bt~ -}- 24b a 1~ -}- 24b ~ bt~ 
q5 (1~) = 1 + 4b -t- 12b 2: + 24b a -t- 24b 4 ; 

b - -  b, 
17, 

F o r b > > l ,  ~(~) ~ # ~ =  [(n 2 -  1+#2)/n212,  w h e r e a s  
�9 (/~) = 1 fo r  i s o t r o p i c  r a d i a t i o n .  

F o r  the  s p e c i f i c  r a d i a t i o n  i n t e n s i t y  u s e d  in [10], t he  
i n d i c a t r i x  e q u a l s  

f (~) = r (~) ~,. 
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The equivalent solid angle [i0] is 

1 

Using the general  fo rmulas  [10, 11], we can now find 
the angular  coefficients and other cha rac te r i s t i c s  of 
the heat t ransfer .  

The form of Eq. (1) most  suitable for a gas (n = 1, 
a ( # )  = A = 1) is  used. In this case the thermal  conduc- 
tivity is negligible: Because of the absence of convection, 
the radiat ion mechan i sm defines the t empera tu re  field, 
and B(T) is near ly  l inear .  If the radia t ion is in vacuum, 
the in tensi ty  of the surface radia t ion of a body equals 
[12] 

3 q (  C2 ) 
I (,u) --  ~ -  C1 + ~ 3.7~ q- 1 ' 

which is a good descr ip t ion  of the best  r e su l t s  of [13]. 
The deviation from the data points of [14] is at most  
1.2%. According to (1), 

r = ( Cl + C2 1 + , ~ l - - ~ - J  
3.7 F + 1 , 

where C 1 = 0.7104 and C 2 = 0.1331. 
Fo r  isotropic radiat ion,  ~(0) = 0.343 replaces  ~(p) = 

= 1, since the intensi ty  along the surface is  a lmost  
1/3 that along the perpendicular .  Equation (2) loses 
i ts  meaning for the case of thermodynamic  equil ib-  
r ium (q = 0). This would imply zero tempera ture .  For  
rea l  boundary conditions on the surface the radiat ion 
flux comes in f rom the outside, which is  equivalent to 
a medium tempera ture  T outside the surface given by 
(7T4/~ = I 0. In such a case the indicat r ix  equals 

4~(~)-- 1 o + ~ -  C~+~  + 
3.7~ + 1 

3q (CI ~- 1 

It is c lear  that this radia t ion is isotropic only for I 0 >> 
>> q/~r, i .e. ,  for quas i - equ i l ib r ium conditions. 

To summar ize :  our analys is  has shown that the 
modera te  forward peaking of the indica t r ix  of the char -  
ac t e r i s t i c  radiat ion from d ie lec t r i cs  may be s t rongly 
enhanced if there is heat t r ans fe r  f rom the body but 
will be flattened out if there is substant ia l  external  
heat input. The e r r o r  we get f rom assuming  isotropic  
radia t ion may appear to exceed to lerable  l imi ts .  If we 
know the optical p roper t ies  of the body and the tem-  
pe ra tu re  field of the body near  the surface,  we can 
es t imate  the e r r o r  by using the formulas  given p rev i -  
ously. These resu l t s  mus t  be used,  in pa r t i cu la r ,  in 
making exper imental  de te rmina t ions  of the degree of 
b lackness  for ma te r i a l s  having large  amounts  of en-  
ergy takeoff f rom their  surfaces .  

the re f rac t ion  index; a(#, n) is  the absorpt ion coeffi- 
cient for d i rec t ion defined by p; A(n) is the mean 
hemispher ica l  absorpt ion coefficient; D(% n) is the 
t r ansmi t t iv i ty  of gas layer  for rea l  d ie lec t r ic  radiat ion 
(probabil i ty that a quantum of incident flux energywi l l  
penet ra te  layer  without in te rac t ing  with medium); 
D0(7) is the same for isotropic radiat ion incident on 

P 

J kdl is the optical depth of layer;  k is the layer; 
attenuation coefficient, m-l; l is the distance along 
normal from surface, m; T 0 is the optical thickness; 
6 = D/D0; q is the resultant radiation fluxindielectric, 
W/m2; I(u) is the intensi ty of cha rac te r i s t i c  surface r ad i a -  
tion, W/m2-s r ;  B is the "yield" of volume e lement  (for gray 
radia t ion at local thermodynamic  equi l ibr ium and in-  
f in i t es imal  scat ter ing,  B = n2aT4/~r); aT 4 is the densi ty 
of hemispher ica l  black radiation; Be is the effective 
"yield" of an e lement  of surface bounding plate from 
the other side ( intensity of flux ref lected from it); ~(#) 
is the indicatr ix  for the in tens i ty  of external  radiat ion 
of plate; I 0 is the in tens i ty  of flux incident on surface 
f rom outside; a .  and b .  a re  the coefficients of ser ies ;  
~2 is the equivalent solid angle [10], sr; k is the wave- 
length; t is the t empera ture ,  ~ 
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NOTATION 

# ~ cos 0; 0 is the angle between normal to surface 
and ray; #I is the same for ray inside dielectric; n is 
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